A two-port electroacoustic analogous circuit model for finite-length acoustic horns belonging to Salmon's family of horns is described. The circuit is useful for simulation of horn-loaded electroacoustic systems with electric circuit simulator software such as SPICE ͑simulation program with integrated circuit emphasis͒. An implementation of the circuit model for use with the PSpice simulator software is given. Example simulations are presented which illustrate applications of the model.
INTRODUCTION
Electroacoustic analogous circuits provide a powerful tool for the analysis of electro-mechano-acoustical systems. The power of these circuits becomes especially obvious when they are used with electric circuit simulator software such as SPICE. 1, 2 The acronym SPICE stands for ''simulation program with integrated circuit emphasis.'' When used with the personal computer, such software makes it possible to rapidly perform AC and transient analyses for complicated systems that would be difficult to perform otherwise.
SPICE is a public domain software developed at the University of California at Berkeley. Although the principal applications of the program are for the analysis of solid-state circuits, it can also be used to analyze linear passive networks. SPICE has been ported to the personal computer by several software vendors. The version which has been used in this paper is the evaluation version of PSpice, a product of the MicroSim Corp. The evaluation version is distributed free of charge by the vendor.
Historically, one of the more vexing problems in electroacoustic modeling has been the development of analogous circuits which represent the coupling between a transducer and the medium. In the case of a direct radiator, the concept of an imaginary, massless, rigid, freely movable piston across the transducer entry has been used to classically model the coupling. The impedance confronted by the piston is formulated in terms of Bessel functions. A major simplification was given in Ref. 3 , where it was shown that a fixed resistor and inductor in parallel can be used to model the impedance. This representation and its variants are now commonly used when modeling radiation from a direct radiator. 4 An approximate solution to the problem of modeling the coupling when the transducer is used as a receiver was given in Ref. 5 . A more complete solution was described in Ref. 6 . This paper concerns the development of an analogous circuit which models the coupling between a transducer and the medium when a finite-length acoustic horn separates the two. The horn is modeled by a two-port network in which voltage is analogous to pressure and current is analogous to volume velocity. It is assumed that the acoustic pressure in the horn satisfies the quasi-one-dimensional Webster horn equation 7 and that the horn is one of Salmon's family of horns. 8 A relevant application of such an analogous circuit is the simulation of electroacoustic systems with electric circuit simulator software. An implementation of the model for use with SPICE is given, and example simulations are presented which illustrate its application. The SPICE implementation of the model uses the analog behavioral modeling feature of PSpice. 9 The methods presented in this paper require closed-form solutions for the pressure and volume velocity in a horn as a function of distance. For horn geometries in which the Webster equation cannot be solved, approximate numerical solutions can be obtained by approximating the horn by a cascade of short plane-wave tube sections. Such a solution is described in Ref. 10 , where each section is modeled by a two-port network for which the elements in the transmission matrix are calculated. The overall solution is formulated as a product of the transmission matrices. Another approach is to model each plane-wave tube section with an analogous circuit consisting of a lumped-parameter transmission line. Such a solution is described in Ref. 11 .
The functions representing acoustic and network variables in this paper are assumed to have time variations of the form exp(st), where s is the complex frequency. In the sinusoidal steady state, sϭ jϭ j2 f , where is the angular frequency in rad/s and f is the frequency in Hz. Each variable is a phasor, with an amplitude and a phase. In the circuit diagrams, independent sources are represented by circular symbols. Dependent sources are represented by diamondshaped symbols. Figure 1 shows the schematic drawing of an acoustic horn of length L. Let the cross-sectional area of the horn as a function of the distance z into the horn be denoted by A(z).
I. SALMON'S FAMILY OF HORNS
It is assumed that the acoustic pressure p is uniform across the cross section. In this case, the pressure satisfies the Webster horn equation 12 given by
where s is the complex frequency, c is the velocity of sound, and the primes denote differentiation with respect to z. The corresponding acoustic volume velocity U satisfies Euler's equation 0 sUϭϪA dp dz , ͑2͒
where 0 is the density of air. Solutions to the Webster equation are most easily obtained when
where m is a constant. Horns which satisfy this condition belong to Salmon's family. The equation leads to solutions for the area A(z) of the form
where A 0 ϭA(0) is the area for zϭ0, i.e., at the throat, and T is a constant. The case mϭ0 describes a conical horn. The case mϾ0 and Tϭ0 describes a catenoidal horn for which A(z)ϭA 0 cosh 2 mz. The case mϾ0 and Tϭ1 describes an exponential horn for which A(z)ϭA 0 exp(2mz). The case mϾ0 and 0ϽTϽ1 describes a hyperbolic horn.
For any member of Salmon's family of horns, the solutions for the acoustic pressure and volume velocity as functions of s and z can be written
Ϫ␥͑s ͒z ϩp b e ϩ␥͑s ͒z ͔, ͑5͒ 
͑9͒
These equations are similar to the equations for the voltage and current on an electrical transmission line. Unlike the transmission line, however, there are two characteristic admitances, Y a (s,z) for the forward propagating wave and Y b (s,z) for the reverse propagating wave. Both are functions of complex frequency s and distance z. In addition, the form of the propagation constant ␥(s) differs from that of a transmission line.
For sϭ j, the propagation constant can be written 
It is straightforward to use the above equations to show that p 1 and p 2 can be written in the following forms: where the T i (s) and Z i j (s) are transfer functions given by Figure 2 shows an analogous circuit which models ͑16͒ and ͑17͒. It is clear that the circuit predicts the same equations for p 1 and p 2 . For the special case of an exponential horn, the equations for T 1 (s) and T 2 (s) can be simplified. For the exponential horn, AЈ/2Aϭ2m so that Figure 3 shows a SPICE subcircuit implementation of the horn analogous circuit with nodes labeled. The subcircuit code is given below. Constants which must be assigned numerical values are denoted by k j, where j is an integer. Table  I defines these constants and gives their numerical values in mks units for the example simulations presented in the next section.
III. A SPICE MODEL FOR THE HORN
*HORN SUBCIRCUIT .SUBCKT HORN 1 2 V1 1 3 OV V2 5 2 OV E11 3 4 LAPLACE {1(V1)}={k6*S/SQRT(S*S/k9+k11)+k3)} E12 4 0 LAPLACE {V(13)}={1+k5/(SQRT(S*S/k9+k11)+k3)} E13 7 8 2 0 1 E14 0 8 LAPLACE {I(V2)}={k7*S/(SQRT(S*S/k9+k11)+k4)} T1 7 0 9 0 ZO=1K TD=k13 R11 9 0 1K E15 13 0 LAPLACE {V(9)}={k2*EXP(k12*(S/k8−SQRT(S*S/k9+k11)))} R12 13 0 1K E22 0 6 LAPLACE {I(V2)}={k7*S/(SQRT(S*S/k9+k11)Ϫk4)} E21 5 6 LAPLACE {V(14)}={1+k5/(SQRT(S*S/k9+k11)Ϫk4)} E23 10 11 1 0 1 E24 11 0 LAPLACE {I(V1)}={k6*S/SQRT(S*S/k9+k11)Ϫk3)} T2 10 0 12 0 ZO=1K TD=k13 R21 12 0 1K E25 14 0 LAPLACE {V(12)}={k1*EXP(k12*(S/k8ϪSQRT(S*S/k9+k11)))} R22 14 0 1K .ENDS HORN The lines in the code containing the word LAPLACE use the analog behavioral modeling feature of PSpice. On these lines, the circuit variable in braces to the left side of the equal sign is multiplied by the transfer function in braces to the right side of the equal sign. If any of these lines is continued, it must be broken so that the expressions in braces each fit on one line. The start of a continuation line must be indicated by a ϩ sign followed by a space.
All sources in the circuit of Fig. 3 can be implemented directly, it was found that the product implementation defined by ͑24͒ significantly improved the accuracy of the computed phase of the term for frequencies well above the horn cutoff frequency. Transmission lines T1 and T2 implement the pure time delay parts of the transfer functions T 1 (s) and T 2 (s). The sources E12 and E15 together implement T 1 (s) except for the pure time delay part. Similarly, sources E21 and E25 together implement T 2 (s) except for the pure time delay part. Resistors R11 and R21 are matched terminations for transmission lines T1 and T2. Resistors R12 and R22 must be included to prevent nodes 13 and 14 from floating.
IV. NUMERICAL EXAMPLES
To illustrate applications of the horn model, the acoustic throat impedances of two exponential horns described in Ref. 13 are calculated in this section. In addition, the magnitude of the transfer function from the pressure at the throat to the on-axis radiated pressure in the far field is calculated for each horn. Both horns have a circular cross section. In each case, it is assumed that the mouth of the horn is terminated in an infinite baffle. Figure 4 shows the circuit diagram for the calculations. The current source IG is analogous to a volume velocity source. It has an assigned AC current of 1 A in the code. It follows that the voltage at node 1 is equal to the acoustic throat impedance of the horn. Alternately, a voltage source could be used to drive the circuit. For a 1-V source, the acoustic throat impedance would be the reciprocal of the current in the source. The V1 source is used as an ammeter to measure the output volume velocity. It has an assigned value of 0 V. The circuit elements LMA1, RA1, RA2, and CA1 model the acoustic impedance of the infinite baffle air load. These element values are given by
where a is the radius of the mouth of the horn. The resistor RL in series with LMA1 is necessary to prevent a loop with zero resistance. This resistor is assigned a value of 1 ⍀. This is small enough to be considered a short circuit. The horn dimensions and values of the elements for each example are given in Table II . The last row in the table gives the high-frequency limit for the acoustic throat impedance. The SPICE code for the example analyses is given below. Circuit labels for the air-load impedance elements have been used in place of numerical values. The horn subroutine described in the preceding section must be included at the indicated position. The upper plots in Figs. 5 and 6 show the calculated real and imaginary parts of the acoustic throat impedances as a function of frequency for the two example horns. In each case, the impedances are normalized by the high-frequency limit given in Table II . The real part is displayed by multiplying the magnitude by the cosine of the phase angle. The imaginary part is displayed by multiplying the magnitude by the sine of the phase angle. The figures show excellent agreement with those given in Ref. 13 .
Let the on-axis far-field pressure radiated by the horn be denoted by p 3 . For a horn with a circular cross section, this is given by
For sϭ j2 f , where f is the frequency in Hz, it follows that the magnitude of the pressure is given by
The lower plots in Figs. 5 and 6 show the calculated transfer function ͑in decibels͒ for ͉p 3 /p 1 ͉, where r is normalized to 1 m and p 1 is the pressure at the throat given by the voltage at node 1 in Fig. 4 . The plots illustrate the usefulness of the model in calculating radiated pressure as a function of frequency. A more relevant application would replace the generator IG with the electroacoustic analogous circuit of a horn driver unit. In this case, the overall transfer function from the driver electrical input voltage to the on-axis pressure in the far field can easily be calculated. Above the horn cutoff frequency, the plots for the pressure transfer functions both exhibit a positive aymptotic slope of ϩ20 dB/dec. To obtain a zero asymptotic slope in this range, it follows that the plot of the throat pressure versus frequency must exhibit an asymptotic slope of Ϫ20 dB/dec. This must be achieved in the design of the horn driver unit.
V. CONCLUSIONS
Any finite-length acoustic horn in Salmon's family of horns can be modeled by a two-port analogous circuit in which the pressure at each port is expressed as a linear function of the pressure at the other port and the volume velocities flowing in both ports. The analogous circuit can be implemented in SPICE using the analog behavioral modeling feature of PSpice for personal computers. The SPICE model is useful for computer simulations of electroacoustic systems that employ horns. The methods used to derive the model for Salmon's family of horns are applicable to any family of horns for which the wave solutions for the pressure and volume velocity are known.
